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ile theoretical  analysis has been made of a supersonic  canard  miss 
configuration  to show the  means  which  might be used  to  improve  its 
dynamic  performance  characteristics. The analysis was conducted  by 
using  the  best  available  estimates  of  aerodynamic  and  airframe param- 
eters.  The  response  characteristics  were  considered  with  respect  to 
transient-response  curves and Nyquist diagram which  were  obtained  by 
application of operational  calcultzs  and  servomechanism  theory.  The 
results of the  analysis  were  used  to  show  the means and  conditions  under 
which  satisfactory  performance  of  the  mfssile  could  be  obtained.  Satis- 
factory  system  performance was obtained  throughout  the  Mach  number  and 
altitude  range  considered  when  auxiliary aping was included in the 
system.  Ikmping was Introduced  through  the  canard  fins  or  wing-tip 
elevators by producing a control  deflection  praportiunal  to  the  rate 
of pitch of the  airframe.  The  rate.  factor  used  and  the  method  of 
adjusting  the gain of.  the  autopilot  permitted  satisfactory  performance 
to be  obtained.  The  procedure  used  to  obtain  frequency-response  and 
transient-response  characteristics  is  simple  and  direct.  Nyquist dia- 
grams were  useful  for  system-stability  analysis. The manner i n  which 
the small static  margin  and  rate  control  change  the  shape ofthe 
Nyquist diagram to  produce good system  performance  is  shown. Pole 
plots  or  plots  of  the roots  of the  characteristic  equation  were  useful 
for  examining  the  response  characteristics  throughout  the  variation of 
conditions  considered.  The  plots  also indicatedthe presence of an 
additional  oscillatory mode of motion  due  to  the  rate gyro control 
system. 
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- 
INTRODUcrION 

As part of  the  general  research program of automatic  stabilization, 
the  Pilotless  Aircraft  Research  Division o f  the Langley Aeronautical 
Laboratory has been  conducting an investigation  of  the  dynamic  perform- 
ance  characteristics  of an automatically  controlled supersonic canard 
missile  configuration..- -A  theoretical  analysis  of  the  canard  missile 
configuration  discussed  herein  revealed  that  its dpamic.,~erfo.~nce .. . 
was unsatisfactory  when  considkrZd i%%h resgc%-tk ixs  poasible  appli- 
cation,  The  object  of  the  investigation  was to show  the  means  which 
might  be  used  to  improve  the  performance  characteristics of 8 missile 
for  possible  guidance  applications  such as seeker or-beam rider  systems. 
The perfamnce qualities of the  missile  are  dekermine-d  from  considera- 
tion of the  longitudinal  frequency-response -and transient-response 
characteristics  of the system as calculated  from  the  differential  equa- 
tions of motion  assuming two degrees of freedom. The unsatisfactory 
perfanuance  qualities  are  attributed  largely  to a lack of inherent  aero- 
dynamic  damping.  Therefore,  the  damping  is  increaged through a proposed 
control system which  consists  of a rate  gyroscope-servo  combination. 
This  device  acts  through  wing-tip  elevators o r  canar&i"ins.to  produce a 
control  deflection  which  is  proportional  to  the  rate  of  pitch of the 
missile. 

" 

.. . ,a 

.. " 

" 

. .  

" - e  
.. 

The.analysis shows how the damping of  the  system  changes with Mach 
number,  altitude, and center-of-gravity  location or static  margin. 
Curves  are  presented  to  show  the  circumstances  under  which the system - 

performance is considered  satisfactory  and  unsatisfactory. Some indi- 
cation of  how much  improvement  in  pitch  the system can tolerate as a 
consequence of acceleration  limitations is also given. 

" 

. 
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D E F I N I T I O I G  AND SYMBOLS 

Frequency  response.-'The  frequency  response of a linear  syetem is 
a frequency-dependent  function  which  consists of a phase  response and- 
an amplitude  response,  and  emresses"Lhe  relation"6etween a steady-state 
sinusoidal  input  to  the  system  and  the  steady-state  sinusoidal  output of 
the  system. The phase  response  gives  the  time  dfsplacement-betweenAhe 
input and olitput eqressed as an-angle and~the~qlitgde response  gives 
the  ratio of the peak amplitudes of the  input  .and  output. 

" .  . 

- 

" 
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Closed-loop  response.- The closed-loop 
or transient  response  of a system  where-the 
to modif'y the  input. 

response W % h e  frequency 
output  is- used -88 8 feedback 

- 

..  . - 
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Open-loop k.esponse.- The open-loop response i s  the frequency o r  
transient  response of a system when the  outer feedback  loop i s  open. 
(See block diagram on page 6. ) 

Nyquist diagram.- A Nyquist diagram is  a polar  plot of the open- 
loop  frequency  response. 

Stat ic  margin.- The distance between the  center of gravity and the 
center of pressure i n  meas aerodynamic chords, -. cm, 

CkL 
s tab i l i ty   ax is  which passes  through  the  center of gravity 

and i s  perpendiculm t o  the  plane of the  ver t ical  w i n g s  

moment of iner t ia  about the Y-axis, 30 slug  feet square 

mass, 4.66 slugs 

wing chord, 1.395 fee t  

exposed wing area, 2.52 square fee t  

dynamic pressure, pounds per  square foot  . 
(when used 8s a e b s c r i p t )  rn 

velocity,  feet  per second 

damping r a t i o  

frequency,  radians  per second 

natural  frequency, radians per second 

gyroscope rate   factor  

autopilot gain factor, a constant 

canard-fin o r  .wing-tip  control-&face-deflection  angle due 
t o  rate of pitch,  radians 

canard-fin-deflection  angle produced  by autopilot,  radians 

wing-tip control-surface-deflectlon angle,  radians 

pitch  angle measured from horizontal,  radians 

angle of attack,  radians 

time, seconds 

, - 
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flight-path  angle measured from horizontal,  radians 

acceleration due to gravity 

ci 
Iaplace  transform  variable  corresponding to  the differential 
operator D I - d 

at 

nondimensionalized frequency variable - 
%I 

03 

6,8,a,a denote  derivatives with respect to time, that is, - - .. . .. de a2e 
dt' dt2' 

da - 2  X' and - 
dt2' 
a .respectively 

M 

CL 

cm 

Mach number 

lift  coefficient . " ... - - - . - .  

moment  coefficient 

. " 

c 

. " 

" .- 

.. . .. 

L 
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Subscripts: 

i input o r  forcing  function,  corresponding t o  a command calling 
fo r  a change in  heading o r  t o  a sinusoidal  input  variation 

0 output o r  response  function,  for example, the system  response 
t o  a command signal or  t o  a sinusoidal  input  variation 

DESCRIPTION O F  KCSSIL;E CONFIGURATION AND RATE-CONTROL SYSTEM 

The missile  used in this report i s  a symmetrical cruciform  configu- 
ration  as shown in   f igure  1. A flight test of this configuration i s  . 

reported  in  reference 1. The wings and  canard f in s  are of delta  design 
w i t h  the  leading  edges- swept back 60'. The wing airfoi l   sect ion is a 
modified double wedge and tkte fuselage  fineness  ratio is 1 6 : ~  The 
horizontal  canard fins and wing t i p s  have the same plan f om, the wing 
t i p s  having a double-wedge cross  section  while the canard f i n s  have 
beveled leading and t ra i l ing  edges. The canard  fins, however, provide 
the  required  longitudhal  control w h i l e  the  auxiliary damping i s  pro- 
vided  either through the canard fins o r  the wing-tip  elevators. To 
obtain  the  additional damping, a ra te  gyro-servo  combination is proposed. 
The ra te  gyro-servo system was considered t o  be a single-degree-of- 
freedom  system w i t h  a natural frequency of 88 radians per second  and 0.5 
c r i t i ca l ly  damped. The control  then has a  reasonably f lat  response up 
t o  and beyond the  highest  natural  frequency  anticipated from the missile. 
The estkua.ted aerodynamic derivatives and parameters of the  configura- 
t ion  as used i n  the calculations  are  given  in  tables I, 11, and III. 
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ANALYSIS . - 

The purpose of .this. paper i s  to.show  the  conditions 
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under which it 
is possible  to  obtain  satisfactory  longitudinal. performance from the 
supersonic missile configuration  discussed  herein. The following block 
diagram can be used t o  represent the system i n  i t s  most general form 
and can  be  regarded as a double-loop servomechanism: 

The input 8i  i s  a signal,  possibly from a seeker, which calls f o r  a 
change in a t t i tude  of the miseile. The frequency  response of the  auto- 
p i lo t  is assumed t o  be a constant  with  zero  phase change a t  a l l  frequen- 
cies; T h i s  means that any signal entering the autopilot i s  multiplied 
by a constant  factor KA called  the  autopilot  gain and there is no 
time lag in  the  output signal. The  equation f o r  the autopilot  response 
is 

The rate-control system -acts on the output of the airframe and 
produces a control  deflection proportional.to.the.rate of a t c h .  The 
differential   equation for the control motion producing additional 
damping is 

. .  . .  

The equations  of motion f o r  the missile w i t h  r a t e  control as used 
i n  this analysis, assuming two degree8 of freedom with constant forward 
velocity and strafght.and level flight, are  
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J 
These functions are assumed t o  be linear differential  equations  with 
constant  coefficients. 

The analysis 8hows the method used t o  obtain  various frequency- 
response  and  transient-response data f o r  .the  longitudinal msssile 
motions when the proposed rate  control is included in the s y s t e m .  A 
complete treatment of the method outlined here f o r  finding the frequency 
response  can be  found on pages 243-250  of reference 2. The most general 
form of the  solutions used in  this paper w i l l  be outlined. Because the 

rate  control i s  not hciuded if the terms  pertaining t o  the rate  control 
are  called zero. 

. form is  general f t  can be used t o  find various missile  responses when 

The transfer  f'unction 3 p )  f o r  the  missile with auxiliary damping 
6, 

is  obtained by taking  the Laplace  transform of equations (1) and (2) and 
then  substituting  equation (1) in  (2).  It i s  that at zero  time 

The  method  of transforming the differential  equations of motion  can be 
found in  reference 3. This  procedure yields an algebraic  function of 
the form 

%P) = 
6s  p 5 + b4p4 + b3p3 + bep2 +. blp 

a p 3  + a2p2 + alp + a. 

where the a's and b's are  constants.  Equation (3) can be  rewritten 
in   the form 

where Kp, 6 ,  and the 5 ' s  and % * s  are  constants. Following the __ 
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usual  procedyre of putting p = $0, (4) is nondimensionalized  by  the 
change  of  variable 

Equation (4) then  becomes 

where  Ku,  the T ~ S ,  and ('6 are  constants.  With such an algebraic 
function  there  are only four possible  types of terms  which  can  occur, 
the forms of-which  are 

~~ 

e right side of the 
resulting  equation  is  the sum of the  logarithm of factors of the  types 
listed.  This  logarithmic form permits  the  use of a series of templates 
for  plotting the amplitude  and  phase versu nondfmensional  freqrtency u 
for  each  component of ~ J u ) .  A summation of the  amplitude  components 

and  the  phase  components  resrilts in a logarithmic  plot of the  frequency 
response.  Conventional  servomechanism  theory  usage Of expressing  the 
amplitude  ratio  in  decibel8  is  employed  herefn a 6  fo1lowa: 

!The  iaagnitude -of % ju) in  decibels '= x) loglo $ ju) 
66 6s 

Nyquist  diagrams  are  used  in this report  to study the  frequency- 
response  characteristics-of  the  missile.  For example, a Nyquist  diagram 
of the  open-loop  frequency  response  reveals  whether  or not the closed- 
loop system is stable. This can  be  discerned  by observing if  the 
critical  point (-1,O) is  enclosed. A rigorous  matheimtical  interpre- 
tation of this  stability  criterion  can  be  found  in  reference 4. The 
frequency  response of a system is  useful  because  preliminary  estim&tes 
can  be from it  concerning the transient-response  qualities of the 
system. 
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To obtain Nyquist d.iagrams f o r  the missile system, points were read 
direct ly  off  the phase  and  amplitude plots  of  the frequency  response 
which was obtained by graphical composition of the s( 80 ju) components, 

as prevlously  explained. The points f o r  the  amplitude  response were - 
reconverted from decibels and the results were plot ted  in  polar form. 

6 

The response quali t ies of the missile system of this paper &re 
determined from a  study of the open-loop frequency  response and the 
closed-loop transient  response. The  method of obtaining  the open-loop 
frequency  response has been  demonstrated. The following procedure was 
used to f ind the  closed-loop  transient  response. According t o  refer- 
ence 2 page 86, equation ( 3 )  can be used to   f ind   the  closed-loop  trans- 
fer function by applying the formula 

I A method f o r  changing the  autopilot  gain t o  bprove  the  closed-loop 
transient  response w i l l  be demonstrated la te r .  

- 
'The transient  responses  considered  in th i s  report are  the  responses 

of the missile system t o  a unit-step  input. If e i ( t )  i s  the  input, 
reference 3 shows that the transform of a unit step  input can  be repre- 
sented by 

Substituting this input and equation (3) into  equation (6) yields a 
function of the form 

where the a' s and b' s are  constants.  Equation (7) can be r emi t t en  
i n  the form 

* 

where the K ' s  and Z ' S  are,  in  general, camplex constants. The 
transient  response 8,(t) is  determined from equation (8) by taking - 

_1_ 



10 NACA RM LWF30 

the  inverse  transform 8s  explained in reference 3. I n  this iwest igat ion 
the  sextic denominator of  equation (7) has one root which is zero, one 
which i s  real, and four which are complex. These roots  are  also  called 
poles of  e0(p). Because of the  chmacter of the poles of e0(p),  the 
inverse  transform of  equation (8) yields a response  f'unction of the form 

2 

where the C's, a's,  and P's are all real  constanta. 

I n  addition  to  the  transient e,(t) responses some responses were * 

also found fir angle .of attack and normal acceleration. This was done 
f'or those cases where the  greatest  accelerations were anticipated  as 
seen from the shapes of the Q o ( t )  curves. To find  the  angle of attack 
and acceleration responses, the differential equations of motion were 

. .  
I 

applying the formula . .  

The angle of attack a(t) i s  obtained from equation 10 In the same 
manner that Q,(t) was solved  for. Having found a( t) ,  the  relationship 

was used t o  find f ( t ) .  The longitudinal  acceleration  in g ' s  is  then given 
by V 
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,. The transient-response  qualities are used t o  examine  and establish 
performance c r i te r ia .  The transient response  -of a system i s  considered 
satisfactory when the  output  closely follows the input. Before the  
transient-response data eo(%) could be Obtained, it w a s  necessary t o  
f ind the roote of  the equation. of 8,(p). These roots are called poles 
of 80(p) and they determine  such qual i t ies   as  frequency and  dampfng 
i n  the transient response  of a system. A pole with a large imaginmy 
part  reveals an oscil latory mode of  motion with a high  natural fkequency, 
and i f  the   rea l  parrt i s  large  negative the osci l la tory mode WFll damp 
out  quickly  with  increasing time a f t e r  a disturbance.has been applied. 
The position  of  ths  poles in the  complex plane f o r  various conditions  of 
flight has the..convenience of condensing a large mount of  information 
about the system on a single  plot .  

The  method  of obtaining  the  response  characteristics of the missile * 

has been  demonstrated. To determine the  conditions under which satis- 
factory system  performance cauld be obtained,  the missile responses were 
found when the proposed rate control was included  and left out of  the 
system. The estimated aerodynamic data were used t o  find the open- and 
closed-loop transfer functions ap) and %( p) in   factored f o m  and 

autopilot  gain, Mach  number, and a l t i tude  were also considered. The 
major part  of the computing was conducted on the Bell Telephone Labora- 

S @i - the  transient  responses &(t) were found. Changes in  s t a t i c  margin, 

- tories X-66744 relay computer a t  the Langley  Laboratory. 

The method of amustin@; the  autopilot  gain i s  demonstrated in refer- 
ence 2. To determine  an  autopilot  gain,  the open-loop frequency  response 
is plotted on the  rectangular  coordinates, phase against  amplitude i n  
decibels. A typical chart used fo r  this purpose i s  shown i n  figure 2. 
The set of coordinates superimposed on figure 2 are curves of constant 
magnitude i n  decibel8 and constant phase of the closed-loop system. The 
open-loop response  curve i s  then  shif'ted up o r  down u n t i l  it is  tangent 
t o   t h e  closed-loop  constant-magnituae  curve of 2.28 decibels. The shift 
of the open-loop response  curve u n t i l  it i s  tangent t o   t h e  closed-loop 
constant-magnitude  curve  of 2.28 decibels means tha t   the  closed-loop 
frequency  response w i l l  have a peak  amplitude r a t i o  of 1.3. The amokt 
of ve r t i ca l   sh i f t  of the open-loop frequency-response curve gives the 
autopilot  gain of  the system i n  decibels. This means that the  autopilot 
gain is  determined with  respect t o  the amplftude r a t i o  of the  closed- 
loop  frequency  response. An ideal closed-loop  frequency  response i s  
represented by the zercl-decibel curire (ampl-itude r a t i o  1.01 and could be 
used for  selecting the autopilot  gain  by  attempting t o  make the open- 
loop  frequency  response  follow it. However, the  method  of selecting 
the open-loop gain with  respect t o  the peak of the closed-loop  frequency 
response was used. The gain  factor  thus determined was then  used t o  
compute the  response of the system at all conditions of Mach number and 

I 

- alt i tude.  The convenience of the phase-magnitude p lo t  is that both  the . 
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open- and  closed-loop  frequency  response's ai-e. seen as related  quantities 
and, f o r  a change in- the open-loop response, the corresponding change 
i n  the closed-loop  response is immediately apparent. 

RESULTS AlJD DISCUSSION 

The jxwpose or"this  paper . i s  t o  shov. Uae...cog~tlpqs- =der which it. 
is  possible  to  obtain  satisfactory  longitudinal performance of a super- 
sonic  canard  missile  configuration. To do this ,  a series of curves were 
calculated for various  conditions of Mach  number, al'titude, and s t a t i c  
margin and those which adequately summarize the results are presented. " 

-" 

" 

Missile Longitudinal Performance 

Perhaps the most significant perfol_plaqce cme o f - a n  automatically 
controlled missile is  the response t o  a  step-input  disturbance. While 
such an  input may never  appear when the  missile i s  -used as par t  of a 
guidance system, examination of  this transient response allows a  great 
many of the performance qualities t o  be deduced.. &.order t o  obtgin . 
this response, the step  input i s  applied so t&t.tbe reference of the 
attitude gyroscope ( i f  an attitude.contro1  systeg i s  under consideration) 
is displaced. This causes the autopi lot   to  produce a control-surface 
deflection o p t h e  proper sign so  that t h e _ a i r f r ~ e _ w i l l . & . s . s ~ e  the nar_ 
attitude  angle. 

. -  

. . .  

. .. . -.-" 

For the transient  responses  presented  hqein, a zero-lag  autopilot 
was assumed. This is a reasonable a s m p t i o n  since such an autopilot 
has been tes ted in flight as described i n  refererice 1, and several 
hydraulic systems have been develope-a with a f l a t  amplitude and zero 
phase character is t ic   to  40 cycles per second, a s  described i n  reference 5. 

. .  

.. . 

A satisfactory response is considered t o  be one  whtch closely 
follows the step input. There are several  reasons for using this as a 
criterion. If the  output  does  not  closely follow €he input, the h o m a  
phase of a f l i gh t  may be inaccurate. An oscil latory response  requires 
a  large amount of-energy  to keep the necessary .seryos acting. This, 
in tu rn ,  means that the bulk of the missile must be suff ic ient ly   large 
t o  contain the necessary  batteries or air supply. Increasing the size 
of the  missile means that both mass and aerddynamic drag w i l l  be 
increased so that a larger  propulsion system m u s t  be used t o  provide 
specified  accelerations. 

Figure 3 i s  a  closed-loop t ransient  response i n  8 for the missile 
with e, l a rge   s ta t ic  margin, approximately 0 . 8 6 ~ ~  a t  Mach  number 1.8. 
This  response is  considered slow. When the  8utopilot  gain KA was 
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adjusted,  as  explained in the  analysis,  the  resulting  response was 
shown t o  be sliTwer yet. However, the amplitude of oscil lation has been 
decreased. To increase  the speed of response,  the s t a t i c  margin was 
decreased t o  approximately 0.1k. Figure 4 shows the resulting  responses 
f o r  the system with and without  autopilot  gain  adjustment. The autopilot 
gain  adjustment  acted t o  decrease  the speed of response. With no auto- 
pilot  gain  adjustment 8, reaches  the  step-input value in   l ess   than  
0.1 second, but because of the high amplitude  and  high  frequency of the 
osci l la t ions- the response i s  not  considered  satisfactory. 

Because satisfactory performance was not obtained from the lnissile 
system alone, a control system t o  provide damping was introduced. This 
control system was assumed to act  l ike a spring mass system with damping 
and t o  provide  control  deflectlons  proportional t o  the rate of pitch b 
of the  missile.  Figure 5 shows the curves  obtained when the proposed 
rate  control was assumed to be acting on the  canard f in   control  sur- 
faces and the  missile had a la rge   s ta t ic  margin. By comparing these 
curves w i t h  those of figure 3, the  additional damping is  apparent; 
however, the speed of response i s  not  appreciably  increased even w i t h  
the  autopilot gain adjusted. Therefore, the   s ta t ic  rnsrgin was decreased 
and figure 6 shows how the  response  characteristics were  improved. A t  
sea  level and Mach  number 1.8, with an autopilot  gain of 1, the  output 
a t ta ins  63 percent of the  input  in 0.1 of a second and there is  no 
oscillation  present. The response time increases with decreasing Mach 
number and oscillations  begin t o  appear o n l y  f o r  Mach numbers below 1.2. 
Satisfactory  responses were also  obtained f o r  the  alt i tudes considered. 
The response a t  40,000 feet  and Mach  number 0.8 is relat ively slow and 
oscillatory,  but this i s  not  considered t o  be serious in view of the 
improved performance obtained at other Mach numbers and alt i tudes.  The 
autopilot  gain was then  adjusted  sccording t o  the method given in   the 
analysis, and at-sea level  and Mach  number 1.8 Q 'was found to be 
about 2.7. %cause the speed of response  obtafned  with this gain 
adjustment was increased,  responses showing the  effect of a l t i tude and 
Wch number w i t h  the same KA were made. These curves are   a lso 
presented  in figure 6. The autopilot  gain  adjustment  acts t o  increase 
the speed of response and is accompanied by an increased amount of 
oscillation. The conclus5on reached from these transient  curves i s  
that  satisfactory performance of the  missile can  be  obtained from the 
missile  with a small s t a t i c  margin throughout  the Mach  number and 

' al t i tude range  considered,  providing the proposed rate  control i s  used. 

Selection of Rate Factor 

The rate   factor  o r  ra te  gyro sensi t ivi ty  was in i t ia l ly   se lec ted  
on the  basis of  experience with similar equipment and calculations begun 
using K r  = 518 when the  rate  control was assumed to be acting on the 



canard-fin  control  surfaces.  Later it was 'Becided t o  determine how 
c r i t i c a l  the rate factor  might be i n  obtaining  satisfactory system per- 
formance. This was done by obtaining  experimental  frequency-response 
data from a scale model of the mfssile configuration as it became avail- 
able and combining it with the theoretical  rate-control  data. Then, 
using  several different values f o r  the  ra te   factor  Kr,  frequency 
responses were plotted on. a phase-ma@%ude chart   as shown in  f igure 7. .. 

Note that these  data  are  for one value of al€itude, Mach nhmber, and 
s t a t i c  margin. Also, the zer-decibel (amplitude r a t i o  1.0) closed- 
loop contour is shown f o r  reference, the remaining closed-loop  contours 
being omitted f6r purposes of c la r i ty ,  Curves are looked f o r  which can 
be made t o  follow  the closed-loop  zero-decib.el  contour closely  without 
passing  inside  the 2.23-decibel  closed-loop  contour. The two curves 
in figure 7 f o r  which this might be  possible  are  those which  have the 
rate  fhctors 550 and 700. The manner of shift ing  the freqgency-response 
c m e Y  which  amounts t o  adjusting the autopilot gain, is  demonstrated in 
figure 8. The open-loop frequency  response  has.been.shifted up approxi- 
mately 12 decibels  corresponding to Q = 4. Considering the  differ- 
ences i n  conditions between this system and the system i n  the main body 
of the paper, with respect t o  both  condittons and methods, the discrep- 
ancy between this gain adjustment and the gain  adjustment.of figure 6 
is considered  not t o  be unreasonable, The closed-loop frequency 
response vas then  read W e c t l y  f r o m  the plot and the transient response 
was computed from this frequency  response u s i n g  a Fourier series, a s  
explained in reference 6. Figures 9 and 10 are the transients  obtained 
from applying a Fourier  series  to a closed-loop  frequency  response f o r  
the system when the  ra te   factor  i s  550 and 700, respectively. The f ac t  
that the curve of figure 9 does not  reach steady -state is at t r ibuted t o  
the method of obtaining it. The change in value of the rate factor 
from 550 t o  700 does not  affect the transient response  seriously. There- 
fore, the conclusion is drawn that the rate factor  can assme a fairly 
w i d e  range of  values  without  appreciably  affecting the system transient 
response.  Figure 7 shows that the frequency  distribution along the 
curves does not change appreciably  by changing the  ra te   factor  between 
550 and 7 0 .  Therefore,  having  considered both 'the transient and 
frequency  responses,  the  conclusion was reached that the  estimated rate 
factor a8 used in the system analysis i s  reasonable. 

. .  

The rate-control-system  parameters c y  the damping rat io ,  and %, 
the natural frequency, were selected on the basis of e-rience as with 
the  rate  factor.  Note that the natural frequency 88 radians  per second 
as chosen is beyond any natural frequency  anticipated from the missile 
alone and that for  the  value of ( chosen the frequency  response 

i s  reasonably f la t  out t o  i ts  natural frequency.  -Figure 11 shows an 
experimental  curve  obtained f o r  a ra te  gyro-servo  combination under a 
spring  load. This response  revealed that the specified  control system 

6 
6 . 



. 
i s  physically  realizable because  a  frequency  response fo r  2 obtained 

from th i s  curve by the method given i n  reference 6 had a  natural  fre- 
quency of 88 radians  per second  and a damping r a t i o  of 0.4. 

8 

Angle of Attack and Normal Acceleration 

A few transient  calculations were made f o r  angle of attack and 
normal acceleration. These  were  done for  sea-level  conditions a t  Mach 
nuuiber 1.8 with and without rate  control.  Figure  12(a)  corresponds  to 
the 8, response shown i n  figure 4 fo r  KA = 1.0 . and figures  12(b) 
and 12(c) correspond t o  the 8, responses of figure 6 f o r  Ka = 1.0 
and KA = 2.7, respectively,  at  sea  level and Mach  number 1.8. The 
figures show that the same heading change can b.e accomplished by-the 
missile  with a smaller maximum angle of attack and nom1  accelerat ion 
when the proposed rate  control i s  Included. This means that greater 
heading  changes can be cal led  for  without  exceeding the  structural 
limitations of the  missile if  the system has auxiliary damping, 

Frequency Response 

The open-loop frequency  response of the  configuration was plotted 
as Nyquist  diagrams for  various  conditions  and-the  resulting  curves  are 
shown in  figures 13 t o  18. Figure 13 shows the missile response f o r  
two Mach numbers  when the   s ta t ic  margin is  0 . 8 6 ~  and there i s  no r a t e  
control in the system. The curve f o r  Mach nmber 1.8 of figure 13 
corresponds t o  the  trgnsient  response of figure 3 where KA = 1. Fig- 
ure 14  shows the  missile  response f o r  two Mach riders when the s t a t i c  
margin i s  0.14~ and there is no rate  control  in  the system. The curve 
f o r  Mach  number 1.8 of figure 14 corresponds t o  the  transient  response 
of figure 4 where KA = 1. Because the shapes of the Nyquist diagrams 
remain the same regardless of  Mach  number and static-margin changes, 
there i s  no reason t o  expect that changes i n  these  parameters can 
improve the  perfownce of the  missile  without some auxiliary  kind of 
control, According ;o reference 7 an ideal  frequency  response  corre- 
spondlng t o  a z e r o  e r r o r  displacement system is represented'on  a'Nyquist 
diagram by  a vertical   l ine  projecting downward with infinite frequency 
at  the  origin.  Figure 15 shows the  frequency  response f o r  the  missile 
when rate  control is  included  in  the system,  and corresponds to   t he  
transients of figure 5 with KA = 1. The Nyquist diagrams do not show 
any reasonable approach t o  the  type of frequency  response  required f o r  
an ideal  zero error displacement system, indicating that satisfactory 
transient  qualities  could  not be expected. However, with  a  decrease i n  
s t a t i c  margin a  considerable improvement in  curve  shape i s  obtained, as 
can be seen in  f igures 16 t o  18. These  Nyqist  diagrams are  the open- 
loqp frequency  responses  corresponding t o  the  transient  responses of 
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figure 6 when KA = 1. As can be expected, the curve  shapes  depart 
further from the ideal with increasing  altitude. 

From the comparisons obtained between the closed-loop  transient 
responses arid the open-loop frequency  responses, the  conclusion i s  
reached that the conventional method  of using the Nyquist diagrams fo r  
system stabi l i ty   analysis  i s  usefil  for  preliminary  study. For the 
missile system  of this paper it revealed the change i n  shape of the 
frequency  response age t o  the combination of small s t a t i c  mamin and 
rate control that produced satisfactory system performance. 

Pale  Plots . .  

The analysis used in this paper i s  centesedprimarfly on the methods 
of Laplace which reduce the  differential  equations of motion of the 
missile t o  algebraic  functions. The denominator of these  functions has 
a number of roots depending on i t s  degree, and these roots are called 
poles. Pole plots proved useful for  preliminary examination of the 
system response  characteristics. The position of the  poles i n  the com- 
plex plane determines characterist ics such as  damping and frequency. 
P i p e  19 is a plo t   for  the missile  without  rate  control  for two s t a t i c  
margins at sea-level  condittons showing the effect8 of Mach number. 
With an increase i n  Mach  number the natural frequency  and damping 
increase,  and w i t h  a decrease i n   s t a t i c  margin the natural  frequency 
and damping decrease. - 

- 
. .  

~ . . "  
. .  - . .  

Figures .20( a)  t o  20( d) are pole  plots  for o(p) of the missile e i  
when r a t e  control is  present  in the system. The presence of the addi- 
t ional  mode of motion due t o  the inclusion of' rate  control i s  now noted, 
the  polnts high in   the  plane  being  attribnteb.Lo the rate-control system 
and those  lower in the  plane  being  attributed  to  the ai.rframe. One rea l  
pole i s  also shown on the  plot .  That real pole is  the one which is 
far thest   to   the right for   the Mach  numher range  considered. I n  the 
cases shown it corresponds t o  &ch  number 0.8. 

0 

Note how the poles  for  the  rate gyro move to   the   r igh t  while  those 
of the airframe move t o  the l e f t  with increasing Mach  number. A conse- 
quence of this i s  that at sea-level  conditions the natural frequency of 
the  rate-control systembecomes dominant above a Mach number of approxi- 
mately 1.2, a s  can be seen in  figures  20(a) and 201b). Dominance of a 
pole I s  demonstrated  mathematically i n  reference 8. This  effect i s  no 
longer  present, however, a t  10,000 feet and h0,OOO feet ,  a8 can be seen 
f'rom figures 20( c )  and 20(d). 

" 

. .  

The most significant consequence of introducing  art if icial  damping 
is readily  seen i n  these pole  plots. That. 16, the complex pole8 of the 
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airframe now l i e  much f a r the r   t o  the l e f t  of the  frequency  axis, demon- 
strating  the  increased dampbg in  the  missile.  Also, the real poles 
which signify the presence of the simple time lag of the missile  response 
are relatively  unaffected, as can be seen by comparing figure 19 with 
figures x>(a]  and 20(b). This means that, even  though damping has been 
introduced into the  miss.ile, the speed of response remains about the 
same. 

A study of the pole  plots of the system showed that a large amount 
of information can be condensed into  a  single p l o t  and  performance 
characteristics determined f o r  a w i d e  variation of parameters without 
making any transient  calculations. The pole  plots  i l lustrate  the  pres- 
ence of the additional mode of motion w h i c h  rate control added t o  the 
system. 

Tip  Control 

Damping as discussed  herein was introduced  into the missile  through 
the canard fins. Consideration was also given t o  the use o f  wing-tip 
elevators f o r  the damping. When t h i s  was done, the  sensit ivity Kr of 

t ip   e levators  would be the same as when the damping w a s  introduced 
through the canards a t  mch rider 1.8 and sea-level  conditions. The 

introducing  the proposed control through the  wing-tip  elevators,  since 
the  variation of pitching-moment coeff ic ient   for   t ip   e levators  and 
canard fins  against  Mach number is  nearly  identical. 

. the d t e  gyro was set so that the aerodynamic moment obtained from the 

- resul ts  were that approximately  the same performance  can be .obtained by 

A theoretical  analysis was conducted t o  determine  the dynamic per- 
fomnce  character is t ics  of an  automatically  controlled  supersonic 
canard missile  configuration. The obJect of the  investigation was t o  
show the means which m i g h t  be  used t o  taprove  the performance quali t ies 
of the missile  for  possible guidance applications. The longitudinal 
frequency-response  and transient-response  characteristics were calculated 
from the  differential  equations of motion of the system,  assuming two 
degrees of freedom. The unsatisfactory performance quEllfties were 
attr ibuted  largely t o  a lack of inherent aerodynamic damping. There- 
fore, the damping w a s  increased  through a proposed control system which 
consisted of a r a t e  gyro-servo  combination. This  device  acted through 
the  wing-tip  elevators o r  canard fins t o  produce a control  deflection 
proportional  to . . . the . . . . . ra te  . of pitch of the missile. . 

The conclusion is  reached that when the rate  control i s  included 
i n  the missile, satisfactory system  performance is obtained  throughout 
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' the  Mach  number  and  altitude  range  considered  when  the  static margin ie 
small. The  performance was Improved  with  respect-  to  the  attitude, 
normal  acceleration, and angle-of-attack  response.  -Because  the aux- 
ilfary burping Improved  the  response of the system  3-lth  respect  to angle 
of attack and normal acceleration,  greater  headin@;"changes  can  be  called 
f o r  without  exceeding  the  structural  limitations of the  missile. 

Certain remarks can be- made concerning the analysis.  The  rate 
factor  used  and  the  method of adjusting  the  gain of the  autopilot  per- 
mitted  satisfactory  geFform&nce  to  be  obtained. The procedure  used  to 
obtain  frequency-response  and  transient-response  character.istics  ie 
simple  and  direct,  Nyquist diagrams were  useful -for 6ySte11+6tability 
analysis. The  manner in which  the small statfc  margin  and  rate  control 
change  the shape of the  Nyquist  .diagram to produce good system  perform- 
ance is shown. Pole  plots  were  useful for examining  the  response char- 
acteristics  throughout  the  variation of conditions  considered. Also, 
they  illustrated  the  presence of rthe additional mode of  motion  due  to 
.the  rate of gyro control  system. 

Langley  Aeronautical  Laboratory 
National  Advisory  Committee  for  Aeronautics 

Langley. Air Force  Base,  Va. 

. .  



REFERENCES 

1. Gardiner,  Robert A,, and Zarovsky, Jacob:  Rocket-Powered  Flight  Test 
of a Roll-Stabilized  Supersonic  Missile  Configuration.  NACA 
RM LgKOla, 1950. 

2. Brown,  Gordon S., and Cmpbell, Donald P.: Principles Of Servo- 
mechanisms.  John  Wiley & Sons, Inc., 1948. 

3. Churchill,  Rue1 V.: Modern Operational  Mathematics in Engineering. 
McGraw-Hill Book Co.,  Inc., 1944. 

4. Bode, Hendrik W.: Network Analysis and Feedback  Amplifier Design. 
D. Van  Nostrand  Co.,  Inc., 1945. 

5. Bassett, L. F.: Missile  Guidance and Control.  Part I11 - Application 
of the  lntegrating Gyro  to  Guided  Missile Roll Stabilization. 
Instrunentation  Lab.,  M.I,T.  Thesis, 1949, 

6. Seamans,  Robert C., Jr.,  Bromberg, Benjamin G,, and Payne, L. E. : 
Application of the  Performance  Operator  to  Aircraft  Automatic 
Control. Jaw. Aero.  Sci., vol. 15, no. 9, Sept. 1948, pp. 535-555. 

* 7. Hall, Albert  C,:  The  Analysis  and  Synthesis of Linear  Servomechanisms. 
The  Technology  Press,  M.I.T., 1943. 



20 

Mach 
number 

0.8 

1.0 

1.2 

1.4 

1.6 

1.8 

I'Static margin = 0.14~ a t  M = 1.8. 
aertvatives in radian measurej 

C L a  

3 5195 

4.12l3 

4.3103 

3.9662 

3.6876 

3.4866 

T 



P 

[Static margin = 0.86~ a t  M = 1.8. 
AU derivatives in raum measure] 

Mach 
numbel 

0.8 

1.0 

1.2 

1.4 

1.6 

1.8 

C L a  

3 5195 

4 . m 3  

4.3103 

3 9662 

3.6876 

3.4866 

cma 

-2.8145 

-3 3707 

-3.9601 

-3.5580 

-3.2292 

-2.9972 



22 

Mach 
nmiber 

0.8 

1.0 

1.2 

1.4 

1.6 

1.8 

AT VARIOUS ALTITUDES 

t 
Sea 

level 

892.8 

1116 

1339.2 

1562.4 

2008.8 

v 

L0,ooO ft 

060.8 

1076 

1291.2 

1506.4 

1721.6 

1936.8 

$0,000 ft 

776.8 

911 

1165.2 

1359 4 

1553.6 

1747.8 

Sea 
level 

947.7 

1481 

2132 

2902 

3791- 

4799 

9 

L0,OOO ft 40,000 fZ 

650.6 175 6 

1017 274.4 

1464 395 1 

1992 537.8 

2602 702.4 

329 4 888.9 
L 

- 4 



I I 

. . . . . . . . . . . . . . . . . . . . . . . . . . 

I 1 

. . . .  .. 

1 

I ' " "  

1 

Figure  1.- Photograph of missile configuration. 
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Figure 2.- Chart of' open-loop phase angle 5 (Ju) against ;en-loop 
8, 

magnitude of - (JW) showing closeb-loop phase .contours of (ju) 

and closed-loop maguitude contours of - 90 (Jm). 
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Figure 3.- Longitudinal traneient  responses  Qo(t) o f  the missile t o  a 
unit step  input signal calling for  a change In att i tude of 1'. No 
edditional damping; M = 1.8; sea level; s t a t i c  margin = 0.86~. 
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Figure 4.- Longitudinal transient responses eo( t )  of the missile t o  a 
unit step input s i sa l  calling for a change i n  attitude of 1’. No 
additional damping; M = 1.8; sea level; static margin = 0.1bc. 
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Figure 5. - Longitudinal  transient responses 8, ( t )  of- the mimile to a 
- ~. . " 

unit step input -signa ca l l i ng  for a change fn attitude of lo. 
Auxiliaxy damping included; sea. level; static margin = 0.86~. 1 
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Flgure 6.- Longitudinal  transient responses e,(t) of the missile t o  a 
unit step  input s i g n a l  calling for a change i n  a t t i tude of 1'. 
Auxiliary dampix Included; s t a t i c  margin = 0.14~. 
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Figure 7.- Longitudinal open-loop frequency-response plot of phase angle 
against magnitude using experhental. missile data with auxiliary 
damphg with several di f fe ren t  rate factors.  0 decibel closed-loop 
contour shown. M = 1.3; altitude = 60ao feet; s t a t i c  margin = 0.11~. 
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Figure 8.- Adjusted and uuadjusted longitudinal frequency-response plots 
of phase angle against magnitude w i n g  experimental missile data with 
aux i l i a ry  damping. 0 decibel and 2.28 decibel contours shown. 
M =-1.3; a l t i tude  = 6ooo feet ;  static margin = 0.I.l~; K, = 550. 
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Figure 9.- Langitudinal transient responses e o ( t )  of the missile t o  a 
!3 

unit step input signal calling f o r  a change in  attitude of 10. 
F 
Vl 

Additional damping Included; experimental missile data used; M = 1.3; 8 
altitude = 6000 feet;  static llbargin 6 0.U2c; K, = 550; KA = 4.0. 
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Figure 10.- Longitudinal  transient reapnsee e,(t) of the missile to a 
unit step input signal calling f o r  a change in att i tude of lo. 
Addlticnzal. tianping included; experimental. missile bta used; M = 1.3;  
altitude = 6000 feet; s t a t i c  margin = 0.U2c; & - 700; KA = 4.6. 

2D 

W 
W 



34 NACA RM LSOF30 
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Figure ll.- Experimental  transient respase of rate gy ro  system in 
response to a step deflection of rate  gyro gimbal. 
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(a) No auxiliary damping KA = 1.0. 

Flgure 12.- Longitudinal transient reaponses for angle of attack. a(t) 
and normal acce lera t ion   g( t )  of the  missile t o  a un i t  step input 
signal ca l l ing  for a change in  attitude of 1'. M = 1.8; sea level; 
s t a t i c  margin = 0.14~. - - 
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Figure 13.- Nyquist diagram of longitudinal frequency response of miesile 
. without additional damping for two Mach numbers ehodng frequency 

distribution. Stcttic margin = 0.86~; sea level .  
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Figure 14.- Nyquist diagram of longftudinal frequency  response of  missile 
without additional damping for  two Mach numbers showing frequency 
dis t r ibut ion.   Stat ic  =gin = 0.14~; sea level.  
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Figure 15.- Nyquist diagram of longitudinal frequency response.of missile 
wfth addi t ional  damping for two Mach numbere showing f’requency 
distribution.  Static.lflargin = 0 . 8 6 ~ ;   ea level.’ 
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Figure 1-6.- Nyquist diagram of longitudinal frequency  reeponse of missile 
with  additional damping for two Mach numbera showing  fYequency 
dis t r ibut ion.   Stat ic  w g i n  = 0.14~; sea level. 
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Figure 17.- -Nyquist diagram of longitudinal fl-equency reepon8e of m i s s i l e  
with additicxlal damping for two Mach numbers sharing frequency 
distribution. Stat ic  margin = 0.14~; 10,000 feet. 

. .. 

T " 

I 



NACA FtM LsOF30 - 
. 

- 270" 

- 90" 

0" 

Figure 18.- Nyquist diagram of longitudinal  frequency  response of missile 
with addi t ional  damping f o r  two Mach numbers eharing f'requency . 
d i s t r ibu t ion .   S t a t i c  -gin = 0.14~; 40,000 fee t .  
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Flgure 19.- LOCUS o f  roota  o f  the closed-loop characterist ic equation 

of' - (p) representing the longitudinal response of the missile 

with no auxiliary aSmpin@; shovlng Mach number effect. KA = 1.0; 
sea level. 
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-60 -40 -20 
Damping Axis 

(a) Sea  level; static margin = 0.86~. 

Figure 20.- Lodus 6f roots o f  the  closed-loop  charracteristic  equation 

of  (p) representing the longitudinal  response of  the missile 

with auxiliary damping. Mach  number effect  and the magnitude of the 
la rges t   rea l  r o o t  are shown. KA = 1.0. 
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Damping Axis 

(b) Sea level; static margin = 0.14~. 

Figure. 20.- Continued. 
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Damping Axis 

(c) 10,000 feet; static magin  = 0.14~. 

Figure 20.- Continued. 
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Damping A xis 

(a) 40,000 feet; stat ic  m g i n  = 0. lk. 

Figure 20.- Concluded. 
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